Horndeski gravity was highly constrained from the recent gravitational wave observations by the LIGO Collaboration down to |cg/c − 1| 10 −15 . In this Letter we study the tensorial perturbations in a flat cosmological background for an analogue version of Horndenki gravity which is based in Teleparallel Gravity constructed from a flat manifold with a nonvanishing torsion tensor. It is found that in this approach, one can construct a more general Horndeski theory satisfying cT = cg/c = 1 without eliminating the coupling functions G5(φ, X) and G4(φ, X) that were highly constrained in standard Horndeski theory. Hence, in the Teleparallel approach one is able to restore these terms, creating an interesting way to revive Horndeski gravity.
1. Introduction.-The binary neutron star merger events associated with the gravitational wave (GW) GW170817 [1] and its companion electromagnetic counterpart GRB170817A [2] has tremendously constrained the GW speed of propagation to the speed of light to within deviations of at most one part in 10 15 . The birth of multimessenger GW astronomy has thus placed a dramatic constraint on models of gravity predicting deviations in this difference of propagation speeds. One such theory is Horndeski gravity [3] which is the most general second order theory of gravity involving a single scalar field in four dimensions. Horndeski gravity has been used in a diverse range of settings but is particularly useful for constructing models of inflation and dark energy [4] (and references therein).
Horndeski was able to write his theory of gravity in closed form because of the appearance of Lovelock's theorem [5] which states that in 4-dimensions, the only possible second order theory of gravity is general relativity (GR), up to an integration constant (satisfying also reasonable conditions such as diffeomorphism and Lorentz invariance conditions). Together with the finite contribution of the scalar field, Horndeski gravity provides a concise general framework on which to construct second order theories of gravity. However, the speed of propagation of GWs in Horndeski gravity [6] has severely limited the potential models of the theory [7, 8] . While the format of the theory has not been narrowed to GR, its most cosmologically interesting models have been eliminated. Moreover, it is important to explore possible ways to revive Horndeski gravity because the majority of modified gravity theories feature as subclasses of the fuller Horndeski theory [9] . This has prompted a resurgence in work refining the central theme of Horndeski gravity, which is producing second order field equations to remove any Ostrogradsky ghosts, and has led to beyond Horndeski gravity [10] . This is not the only avenue for alleviating the conflicting parts of the theory. Horndeski's theory of gravity assumes outright that gravity is described by the LeviCivita connection which is the basis of GR and the vast majority of modified gravity [11] . The Levi-Civita connection is torsionless, satisfies the metric compatibility condition, and describes gravitation by means of a curvatureful Riemann tensor [12] . On the other hand, Teleparallel Gravity (TG) formulated on the Weitzenböck connection is curvatureless and torsionful [13] (and continues to satisfy the metric compatibility condition). One benefit of TG is that its analogue of Lovelock's theorem is not bounded in terms of Lagrangian contributions [14] . The consequence of this property is that the TG analogue of Horndeski gravity grants another route to producing an observationally consistent theory that retains the spirit of Horndeski gravity.
In Ref. [15] , Bahamonde-Dialektopoulos-Levi Said (BDLS) developed the details of the theory under reasonably physical conditions. The product is a new Lagrangian component in addition to those that appear in the original version of Horndeski gravity. BDLS theory opens a new possibility to revive Horndeski gravity within the TG context. This will raise previously eliminated models to subclasses of the theory where the new TG component will be constrained through observational tests.
In this Letter, we show that the propagation of tensor modes in BDLS theory can resurrect many of the disqualified models of standard Horndeski gravity. This is done by determining the speed of propagation of gravitational waves. We close with examples of how this can be done for some interesting models.
The Teleparallel Gravity Analogue of Horndeski
Gravity (BDLS theory)-GR expresses gravitation by means of the metric tensor, g µν , through the Levi-Civita connection,Γ σ µν (we use over-circles to denote quantities determined by the Levi-Civita connection). This is measured via the Riemann tensor which gives a meaningful measure of curvature in standard gravity, and is used in the construction of many extended theories of gravity. On the other hand, the fundamental dynamical object of TG is the tetrad, e a µ , which acts as a soldering agent between the tangent space (Latin indices) and general manifold (Greek indices).
The tetrad reproduce the metric through g µν = e There is an infinite set of tetrads that satisfy these conditions. TG theories are based upon the Weitzenböck connection, which is curvatureless and metric compatible. The linear affine form of this connection can be related to its spin connection counterpart through the relation Γ . As in GR, the spin connection accounts for the local Lorentz degrees of freedom, but in TG this plays an active role in the equations of motion of the theory by offsetting inertial effects. In any setting, one can always choose the so-called purely inertial gauge in which the spin connection vanishes due to an appropriate choice in of frame [16] .
By choosing the Weitzenböck connection, the Riemann tensor identically vanishes, whereas the torsion tensor defined by [13] 
quantifies the field strength of gravity in TG. This quantity can be decomposed into irreducible axial, vector and purely tensorial parts defined respectively as [17] 
where ǫ µνσρ is the totally anti-symmetric Levi-Civita symbol in 4 dimensions. These are irreducible parts with respect to the local Lorentz group, and can be used to construct scalar invariants
These three quantities form the most general second order Lagrangian density that is quadratic in the torsion tensor and is parity preserving [18] , which can be written as f (T ax , T vec , T ten ). For the special choice of linear coefficients
the resulting Lagrangian turns out to be equivalent to the Ricci scalarR (computed with the Levi-Civita connection) up to a total divergence term [19] 
where B is a boundary contribution. This is the so-called teleparallel equivalent of general relativity (TEGR), and results in identical field equations as GR, despite differing at the level of the action. The procedure to transform local Lorentz frames to the general manifold in GR comprises of exchanging the Minkowski metric for the general manifold metric tensor, and raising the partial derivative to the Levi-Civita covariant derivative. In TG, the Minkowski manifold is formed by trivial tertads. The coupling procedure for a general scalar field, Ψ = Ψ(x a (x µ )), is then prescribed by elevating these trivial tetrads to general tetrads, e a µ , and by mapping the derivative operator through [16] 
where the relation retains the same form as in GR which is a result of the close relationship the two theories share. Now that both the gravitational and scalar field sectors have been adequately developed, we can lay the criteria on which to construct the TG analogue of Horndeski gravity in four dimensions [15] , which are (i) the resulting field equations must, at most, be second order in terms of tetrad derivatives; (ii) the scalar invariants cannot be parity violating; (iii) contractions of the torsion tensor can be at most quadratic. Condition (iii) acts to limit the potentially infinite higher order contractions that may appear in the theory.
Observing these conditions leads directly to the scalar invariants which are linear in the torsion tensor I 2 = v µ φ ;µ , and quadratic in the torsion tensor J 1 = a µ a ν φ ;µ φ ;ν , J 3 = v σ t σµν φ ;µ φ ;ν , J 5 = t σµν tμ σ ν φ ;µ φ ;μ , J 6 = t σµν tμν σ φ ;µ φ ;ν φ ;μ φ ;ν , J 8 = t σµν tν σµ φ ;ν φ ;ν , J 10 = ǫ µ νσρ a ν t αρσ φ ;µ φ ;α , where the semicolon represents the Levi-Civita covariant derivative. While other permutations exist, they can be shown to reduce to these terms when the symmetries of the torsion tensor are taken into account.
Defining the kinetic term of the scalar field as X := − 
By virtue of the TG coupling prescription, the Lagrangian components of Horndeski's theory in standard gravity remain identical except that they are expressed in terms of the tetrad. This means that the TG analogue of Horndeski's theory can be written as [15] 
where
in which κ 2 = 8πG, e := det(e a µ ) = √ −g is the determinant of the tetrad, G µν is the regular Einstein tensor, commas are differentiation and φ := φ ;µ ;µ . Clearly, for the choice of G Tele = 0, standard Horndeski gravity is recovered. Due to the local Lorentz invariant of the torsion tensor, the new BDLS formulation of Horndeski gravity is covariant under both Lorentz transformations and diffeomorphisms. 3. The GW Propagation Equation-One of the most important features of GR is that it is second order in the leading derivative terms. This obviously holds in perturbative level granting the perturbations a possibility to be propagating, i.e, a wave, which is actually the case in GR.
This wave is interpreted as the gravitational wave since it is described by the perturbation of the metric, which in turn carries the gravitational degrees of freedom. The metric up to linear order reads
where g µν is the metric evaluated at the background and δg µν is the first order perturbation of the metric. It is important to stress that, in general, δg µν can have a maximum of 10 propagating degrees of freedom (DoF) [20] . However, linearized GR around flat FLRW backgrounds enjoys only two propagating DoF, manifested as a massless spin 2 particle travelling at the speed of light. This is due to the fact that there are four constraints from the linearized field equations and four from gauge fixing of δg µν and as such we are left with only two propagating DoFs . On closer analysis, through the Scalar-VectorTensor (SVT) decomposition of δg µν , these two DoFs correspond exclusively to its tensor part. The aformentioned analysis of GR, seems to be in very good agreement with recent observations [1] 
that the speed of the GWs is highly constrained to the value of the speed of light, or in other words, the graviton practically travels at the speed of light. It was also found in [21] that there is an upper bound, m g < 1.2 × 10
eV/c 2 , for the graviton mass m g . This contraint, although minuscule, still leaves open the possibility of a massive graviton. These constraints, have lead us to demand that any sensible gravitational theory must, at least, predict a graviton travels at the speed of light and has a very small mass if not zero.
In TG theories, in which the fundamental dynamical variable is the tetrad e a µ , we note that it has ten (metric) + six (Lorentz group) DoFs. These 6 DoFs can be gauged away by fixing the Lorentz group and one choice of the fixing is to demand that ω a bµ ≡ 0 which is the purely inertial gauge. One way to check that a specific choice of a tetrad is actually a tetrad that indeed corresponds to this gauge [22, 23] , is by checking if the antisymmetric part of the field equations is satisfied identically for this particular choice of tetrad and also checking if the action is regular at Minwkoski limit. This gauge is very useful because it can also hold in perturbative level in which the linear perturbation of e 
where e a µ is the tetrad evaluated at the background and δe a µ is the first order perturbation of the tetrad. Considering a flat FLRW background, the metric has the following form in Cartesian coordinates [12] 
where a(t) and N (t) are the scale factor and the lapse function, respectively. This metric can be produced by the tetrad e a µ = diag(N (t), a(t), a(t), a(t)) , (20) which is a tetrad that corresponds to the purely inertial gauge for the BDLS theory. As it turns out, from the full SVT decomposition of the tetrad [24, 25] , δe a µ enjoys 10 + 6 DoFs, just like e a µ , which are encoded in 6 scalars, 4 vectors and 1 tensor, whereas δg µν enjoys 4 scalars, 2 vectors and 1 tensor. The extra 6 DoFs introduce 2 extra scalars and 2 extra vectors, which is just the manifestation of not having fixed the Lorentz group at the perturbative level. More specifically, from the STV decomposition of δe a µ , the tensor part is
where h ij , the actual tensorial perturbation, is transverse, traceless and symmetric. Hereafter, only the tensorial part of the perturbation, Eq. (21), will be of importance since we are interested in finding the GW propagation equation of the BDLS theory.
The most general parametrization of the GW propagation equation, in a FRLW background was first derived in Refs. [26, 27] and has the following form
where dots denote differentiation with respect to the cosmic time t, H =ȧ/a is the Hubble parameter, c T is the speed of tensor gravitational waves, µ is the effective mass of the graviton, ν is related to the effective Planck mass and Γ is related to any extra sources and k is norm of the spatial wave vector. In our case, µ = Γ = 0, so we can rewrite the wave equation as
where α T = c 2 T − 1 is the tensor excess speed and α M is the Planck mass run rate. The explicit values of these parameters for the theory (12) in a flat FLRW background are
and
dt with the effective Planck mass given by
where comas represent derivatives. Also the scalars in G Tele evaluated for the tetrad in Eq. (20) are given by
It is important to remark that the term G Tele appears in Eqs. (24)- (25) . Thus, the BDLS model predicts a different speed of the GW propagation compared to the standard Horndeski theory. Furthermore, the extra terms that come from G Tele will also be responsible for reviving whole classes of models which were previously non-viable in the context of standard Horndenski theory. For the case of G Tele = 0 , one recovers the same result reported in [4, 6] which is the standard Horndeski gravity case. If G 5 = G 4 = 0 and G Tele = f (T ), one recovers the same result for f (T ) gravity (α T = 0) reported in [28] [29] [30] .
The effect of the parameters α T and α M is also evident in the waveform, by either introducing a change in the amplitude generated from α M or introducing a phase change generated by α T . This can be seen if we expand the waveform h BDLS of our theory in terms of the GR waveform h GR [31] h BDLS ∼ h GR e 
where η = dt/a denotes the conformal time and H is the Hubble parameter with respect to conformal time. Therefore the effect of α M will be to change the amplitude of the waveform whereas α T will just add a phase, both of which are existent in the BDLS case. 4. Reviving Horndenski using Teleparallel gravity-From recent GW observations [1] , it was found that the speed of the gravitational waves is constraint to be Eq. (17) . This equation effectively sets that α T ≈ 0 in a flat FLRW cosmological background. For the standard Horndeski case (G Tele = 0), from Eq. (24), one can notice that in order to achieve this condition, one requires G 4 (φ, X) = G 4 (φ) and G 5 (φ, X) = const. (trivial). In greater detail, quartic and quintic Galileon models [32, 33] , de-Sitter Horndeski [34] , the Fab-Four [35] , as well as purely kinetic coupled models [36] are severely constrained due to Eq. (17) . Indicatively, for example, the theory that reads
where ǫ and η are two coupling constants andG µν is the Einstein tensor, gives great phenomenology at different cosmological epochs because of the presence of the nonminimal kinetic coupling. It was very well studied in the literature [36] [37] [38] [39] [40] [41] [42] [43] since it provides a realistic cosmological scenario emanated from this higher-order coupling. Namely, at early times it gives a quasi de-Sitter behavior for the scale factor as an inflationary scenario; once inflation is over the Universe enters a matter dominated era and later on, because of the dominance of the cosmological terms, it obtains a de-Sitter behavior. The change between the epochs happens naturally without any finetuning potential. Another example is the so called quartic galileon model. Its action reads
where L i are the known functions of the Horndeski theory [15, 43] . This model is very well studied as well; in [44] the authors found self-accelerating solutions, and they studied their stability, as well as spherically symmetric solutions. In [45] , they perform simulations showing that the Vainshtein mechanism suppresses very efficiently the spatial variations of the scalar field and in addition, the simulations fit very well both CMB and BAO data. However, after the observation of GW170817, such non-minimal couplings (31) and also models like (32) were eliminated by the constraint in Eq. (17), predicting a higher than the speed of light speed for the gravitational waves.
In BDLS theory though, when one assumes G Tele = 0, it is possible to find a theory which satisfies α T = 0. By solving α T = 0 in Eq. (24), one gets that the complete Lagrangian satisfying c T = 1 is given by L =G tele (φ, X, T, T vec , T ax , I 2 , J 1 , J 3 , J 6 , J 8 − 4J 5 , J 10 ) + G 2 (φ, X) + G 3 (φ, X) φ , + G 4 (φ, X) + G 4,X ( φ) 2 − φ ;µν φ ;µν + 4J 5 + G 5 (φ)G µν φ ;µν − 4J 5 G 5,φ .
One can notice that the Lagrangians L 4 and L 5 are now corrected by a term proportional to J 5 , otherwise c T will not be one. With these corrections, models that were eliminated in standard Horndeski will survive in this framework. Specifically, as we can see from the last four terms in Eq. (33), theories with G 5 (φ) and also G 4 (φ, X) will give the correct speed for the gravitational waves. This correction of course includes the models in (31) and (32).
5. Conclusions-Horndeski theory is the most general scalar-tensor theory (with a single scalar field) leading to second order field equations. Most modified theories of gravity can be mapped onto its action. However, after the observation of GW170817, a significant part of the theory was eliminated because they predict discrepancies between the GW speed of propagation and the speed of light. In Ref. [15] , we introduced the Teleparallel analog of Horndeski and we saw that because of the structure of the torsion tensor, there appears a new function adding richer phenomenology to the theory. What we do in this work is to study the tensor perturbations of the tetrad in order to see whether there are models that revive the GW observation. Interestingly enough, because equation (24) is modified, there appears a correction term both in L 4 and in L 5 (see Eq. (33)), and thus many significant models survive.
